6.3 ESTIMATION OF REGRESSION PARAMETERS

Estmation of « and f by least squares method (OLS) or classical least

squares (CLS) mvolves finding values for the estimates & and B which wall
minimise the sum of the squared residuals: e .
From fitted regression hine:

~

Yo= a+ X + e we obtam:
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Simple Regression Estimation and Testing Procedures 103

ie,z= i(ﬁ-—&—ﬁ)(,-)z
f=1 f=1

To find the values of o and B that minimise this sum, we have to

differentiate with respect to & and B and set the partial derivatives
equal to zero.

9/a6[xef| = 22 (% -6~ X)) = 0
9f0p[xe?] = 22X, (¥, -a-fx) = 0

or, cquivalently, ZY; = né.+ ﬁZX,- (6.1

LYY, = GEX, +BEX7 (62)
From (6.1) we have,

no. =LY, —ﬁZX,-
& =7 -BX (6.3)
Substituting value of & in (6.2) we get
XY, = (¥ - BX) ZX; +BIX7
IXY, = T2, - BT X, + By}
XY, - YEX; = B(2X] - X 2X))
» _ LY, Y -YIX,
g X7 - XIX,
_ NEX; ¥ - ZXEX,
nZX? - (ZX,)*

.(6.4)
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(6.4) can also be wntten In a somewhat different way.

Numerator of (6.4) 1s:
nZX Y, - IXIY, = nZX Y, - LY.ZA, (ZXXY; -
=nLX;Y, - TYEX; - TXEZY; + 2XLY,

LYEY)

= nZX Y -nX XY, —nYZX; +n’ XY
_w(EXY - XEY - TR+ XT)
=z (X -0 %~ )}
enominator of (6.4) is:
nEX? - (LX) = nZX7 - 22X+ (2X; i
_ pEx? - 2EXEX; + (2X)°
= nL¥} - 21X ZX; + n X?
_ p(EX? - 2XEX; +1X7)
=nZ (X, - X)*
. ne (X - X) (¥ - Y)
n(X; - X)?
Now denoting (X; — X) as x; and (¥ — Y) as y; we get;
E\ ¥;

p=

l
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64 STATISTICAL PROPERTIES OF LEAST
SQUARES ESTIMATOR

(i) Linearity
- XX, -X)(Y-Y)

2 from 6.5
(X - X) (from 6.5)
. I -D-FI(X-T)
[} z(;\}‘, = 4..\-;)2
- IYU(XN. - X _ _
B = 2 —\3 [ ¥ E(X, - X)=0]
(X, - X))
~  LEXx,
b= St
Let us suppose that,
X, s
Ly,
ﬁ = Zk‘.}; ..(6.6)
i=]
s 8wl -
Similarly (6.3) gives @ = Y — X =;Z}f - X Ik Y,
& = E[—l-— Xk Y (6.7)
n

g . _ &
Thus both & and P are expressed as linear functions of the ¥s.

(i1) Unbiasedness:

‘“3 =TkY (from 6.6)
R i

= k(o + BA; + U)

= aZk, + Pk, X, + kU, .(6.8)
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kl' = x_‘ )-:x
2 e Zki = 1 = O’
Ex; Tx?
and, Sk X =%k (x; + X) = —z—ﬂf—: 1
5] ~(69)
Substituting these values in (6.8) we obtain,
B =B+ ZLU; (6.1
-~ Rt )
EP)=E@) +ZLEWU) =P
Equation (6.7) gives,
A 1 —
o = E[— - X ki) Y
n
1 =
= Z(;——Xk,-) (o + BX; + UD
= a+[3iZX,- +—I-EU,- — oX Zk; ‘ﬁYZlei - XZ kU,
i n
= a+[3;?+lzu,.—ﬁff—)72/c,-U;
n
.(6.11)

_ o+ Lzu - XU,
N

. E(&) =0+ i- SEU;) - X ZGEWU;)

E(G) =0

Thus, we prove that rs of @ and P.
(iii) Minimum variance of & an

of the class of linear unbiased estimato

es. For this we s

is the minimum variance.

& and B are unbiased estimato
d B: Now we have to establish that out

rs of o and B; & and B possess the
hall first obtain the variance of B

smallest sampling varianc

and then establish that it
var (8) = EL(B-PB)’]

= E[Tk; U)*] _from equation (6.10)

= [k} U + KU+ k2 UE +2kky Uy Uz +--

o+ 2k, Ky Up-i U,,]

= E[k U} + BUL.+ kU]

E[2ky kU U+t 2 k, Uy-1Us)
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= E[x(k?U?) |+ 25[ Y kk,U, U,J

i#f

= .2" 2
i EUD) + 22k, E (U, U)) = 0%k [ E(UU,) = 0]

Ekf = Ex.'z_.
Zx;
2 _ I
f=— =
(Bx)! md
Var (B) — UZZkz = -Ez_..
i Zx,-z ..(6.12)
Var (0) = E[(&—a)z]
1 2
= —— Y 2 1
E(" Xk,-) U,-:I (from equation 6.11)
25 1 ?
oft-n)
n
- czz(lz-z Xk + szk,?J
n n
=Uz(l—z)—(2k5 + X? Ekf)
noon
o1, B ' 1
x5 2 Zk; = 0and Zk; =§J
=2 2 -2
Again; l+-i¥_2 = Zx; +nX = Z'erz |
no Ex nEx? nZx? a
) &
. e nr} pr
Var (g) = 6% -+ 2 | = o 22
at = (6.13)

e

¢ and B are also ‘Best’ estimators: In order to establish that f) possesses
the minimum variance property (Best), we compare its variance with that of
some alternative, unbiased estimator of B, say p*.
Suppose  f* = Zw,;Y; where constant w; # k, but w, = ki + ¢
P* = Zw, (o + BX, + U)
= 0Zw; + PEZwX; + Iw,U; ..(6.14)
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E(B*) = oZw; + BEWA: [ E(W)= 0].
Since p* is assumed to be an unbiased estimator which implieg "

T, = 0 and TwX; = 1 in the above equation.
!

But, Tw,; = Z(k; * c) =Lk * e,
;=0 Tk, = Zw; = 0
Again, EwX; = 2 (k + c)X; = ZkX; + Ze X
0 - IwdX;=1and ZkX; = Thx; = 1.

Zc X =
Also .. Zexi = TcX; + X2¢ = 0
Thus we have shown that if p* is to be unbiased estimator then followjng

results must hold true.

Iw, = 0, ZwX; = 1, se; = 0, ZeX; = Zep; = 0 (6.15)
The variance of this assumed estimator B* is then
var (B) = £ (B* - BY’]
=F [(Zw,-U,-)Z] (from 6.14)
= GZEw,-Z

[By following exactly the same arguments that we used in obtaining Var

()-]

Var (B*) = 6°Zw/ -
But > w’.2 = )_“,(k' + L"_)-"- - 2/{,-2 + 22/&(;{ + ch
_ Zcx;

X:
=Y —i =
2 B>

i

=0 (By 6.15)

Iw? = Tk} +Zc?; so that
Var (B%) = o%(Ek? + 3¢ ) = 0’2k +07Zc]

Var (B*) = Var (B) + 6°Z¢]
Tc? must be positive; s that Var (B*) > Var (ﬁ)

In case E¢? = 0, then Var (B*) = Var ()]

This proves that B possesses minimum variance property.
In the similar way we can prove that the least squares constant intercept
also a ‘Best’ estimator-

& possesses minimum variance, in other words it is
ar function of

We take a new estimator o*, which we assume to be a linf;

the ¥;’s, with weights w; = k; + ¢;, as earlier. :
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\\Nh;m‘ustr:ﬂinu,‘}M-- A sample of 20 observations on Y and ¥ gave

the following data

Iy =219 J(Y--Y)2=86"9
D X== 1862 D(X ~ X)R=2154, F(X—X) (Y—=))=— 1064

Answer the followings 1 —

(1) Fstumate the regression of ¥ on v

(b)Y  Estimate the regression of X on ¥,

() Compute the mean vaiue of ¥ corresponding to ¥'= 1Q.
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e T _,‘__‘!:i‘ L

e et -

(‘d) C('ﬁlﬂplll&‘ the mean valuc of A i,'\|‘['\'_*';]\[‘.“\1‘.i'!g to Y=1:5
'i’"-'_d".‘ '\’(‘r'r'“f‘ {O?i}

] et regression iine of 1 on X be

Soelution © (&)
Y:‘:‘Lx—{-ﬁ/}f .,/
we know that |
L r(X-X(Y=1_ 1064449

ﬁ}’x—- . r 1504
S or—xp \/j

——

T on 20

_ XY 219

et 7109
n 20 e

f= T X=109— (049 x 93 )=— 347

» Thus, estimated regression line of Y on X 18
Y—=—3474+049 X

(b) Now, let the regreression linc of X on ¥ ve
X=r+e¥
A C kS (Y_ﬁ=———lggzg= 1122
2 (Y—Y)?
P X5 F=931—(1'22x 1:09)=T-98 T
Thus estimated regression line of X' o 1s

. X=T98+122Y
(¢) when X=I10,
then Y=—23474+(049x )=143  —

(d) when Y=I'5

. then X=7984(122x15)=9-81
‘fj}néction 10—The following data were obtained in a sample
study”:—
JX=56, XY=A40, JX2=524, TYi=256,

JXY=364, N=20
Answer all of the following :— /
(a) Estimate the regression line Y=a+fX.
(b) Estimate the regression line X=y+48&Y
(¢) Compute the value of ¥ corrasponding to a value 7 for X

(d) Compute the value of X corresponding o 3 value 3 for ¥
(M.A., Meerut, 1975)

Solution : (a) Estimated regression Ime is

Y=atpX
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k f]‘-‘(..—rc.b [L = crewmmn - '-_:;'i“ “: -
N Yo (e )
- fi
264 G % A
NG — N e
—= cmemenam e }_),___ —-;i-j"— =()" 6RO
594 56x 56 367 2
0
- LX 56 _ JY 4G
X=—"=_—=28, Y= —=—=2
n 20 M 20

a=Y—B X=2-0686x28=2--1'921=0079
Thus estimated regression line becomes

V=00794686X

(b) Estimated regression line is
X=y+5Y

~
where, S =

20 252

40 x40 256—80

256 — 20

252

=T =143

Y=X—8 F=28—143x2=28286 = —(-06
Now the estimated regression line becomes

=—006+143Y 7

(c) when X=7

then Y=0'0794 686 x 7=4881
(¢} when ¥Y=3
than A= —0064143%x3=4523 +—

I
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